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Àííîòàöèÿ

Â äàííîé ðàáîòå äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ íåëî-

êàëüíûõ çàäà÷ â ïðÿìîóãîëüíîé îáëàñòè äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðî-

èçâîäíûõ òðåòüåãî ïîðÿäêà ñ îïåðàòîðîì òåïëîïðîâîäíîñòè â ãëàâíîé

÷àñòè. Ïðè äîêàçàòåëüñòâå ðàçðåøèìîñòè çàäà÷è ïðèìåíÿþòñÿ ìåòîäû

òåîðèè äè��åðåíöèàëüíûõ óðàâíåíèé, �óíêöèè �ðèíà è òåîðèè èí-

òåãðàëüíûõ óðàâíåíèé. Èçó÷àåìûå çàäà÷è ñâîäÿòñÿ ê ýêâèâàëåíòíîìó

èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà, êîòîðîå áåçóñëîâíî

ðàçðåøèìî.
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ëîïðîâîäíîñòè, �óíêöèÿ �ðèíà, èíòåãðàëüíîå óðàâíåíèå, óðàâíåíèå

Âîëüòåððà, óðàâíåíèå Àáåëÿ.
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Abstra
t

In this paper, we prove the existen
e of a unique solution to non-lo
al

problems in a re
tangular domain for a third-order partial di�erential

equation with the thermal 
ondu
tivity operator in the main part. Methods

of the theory of di�erential equations, the Green's fun
tion and the theory

of integral equations are used to prove the solvability of the problem.

The problems under study are redu
ed to the equivalent Volterra integral

equation of the se
ond kind, whi
h is 
ertainly solvable.
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Ââåäåíèå

Èññëåäîâàíèå ðàçðåøèìîñòè ñìåøàííûõ êðàåâûõ çàäà÷ ñ èíòåãðàëü-

íûìè óñëîâèÿìè äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà

ïðåäñòàâëÿåò ñîáîé âàæíóþ îáëàñòü èññëåäîâàíèÿ â òåîðèè äè��åðåí-

öèàëüíûõ óðàâíåíèé è èõ ïðèëîæåíèé. �àçðåøèìîñòü íåëîêàëüíûõ çàäà÷

äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà ïðåäñòàâëÿåòñÿ âàæ-

íûì êàê ñ òî÷êè çðåíèÿ ðàçâèòèÿ òåîðèè íà÷àëüíî�êðàåâûõ çàäà÷ äëÿ

íåêëàññè÷åñêèõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, òàê è ñ òî÷êè çðåíèÿ

ïðèëîæåíèé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðàçëè÷íûõ ïðîöåññîâ.

Èçó÷åíèå ðàçðåøèìîñòè íåëîêàëüíûõ çàäà÷ ñ èíòåãðàëüíûìè óñëîâè-

ÿìè äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé íà÷àëîñü, ïî�âèäèìîìó, ñ ðàáîò [1℄ è

[2℄. Ñìåøàííûå çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ ïàðàáîëè÷åñêîãî

óðàâíåíèÿ áûëè ðàññìîòðåíû â ðàáîòàõ [3℄�[9℄, íî ïðè ýòîì, â îñíîâíîì

èññëåäîâàëèñü óðàâíåíèÿ âòîðîãî ïîðÿäêà, êàê â îäíîìåðíûõ [3℄�[7℄, òàê

è â ìíîãîìåðíûõ [8℄�[9℄ îáëàñòÿõ.

�àçëè÷íûå íåëîêàëüíûå çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ îò-

äåëüíûõ òèïîâ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà èçó-

÷àëèñü âî ìíîãèõ ðàáîòàõ (ñì. íàïðèìåð [10℄� [14℄).

Â äàííîé ðàáîòå èçó÷àþòñÿ íåëîêàëüíûå ãðàíè÷íûå çàäà÷è ñ èíòå-

ãðàëüíûìè óñëîâèÿìè äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ îïåðàòîðîì òåï-

ëîïðîâîäíîñòè â ãëàâíîé ÷àñòè.
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� 1. Ïîñòàíîâêà íåëîêàëüíîé çàäà÷è 1

Â îáëàñòè D = {(x, t) : 0 < x < l, 0 < t < T} ðàññìîòðèì óðàâíåíèå â

÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà âèäà

Lu ≡ ∂

∂x

(

∂u

∂t
− ∂2u

∂x2

)

+ c(x, t)u = f(x, t), (1)

ãäå c(x, t) è f(x, t) � çàäàííûå �óíêöèè.

Çàìåòèì, ÷òî óðàâíåíèå (1) â îáëàñòè D îòíîñèòåëüíî ñòàðøåé ïðî-

èçâîäíîé èìååò òð�åõêðàòíóþ õàðàêòåðèñòèêó t = const, ïî êëàññè�èêà-

öèè ðàáîòû [17℄ óðàâíåíèå (1) ñîîòâåòñòâóåò ïåðâîìó êàíîíè÷åñêîìó âèäó.

Ýòîò �àêòîð ñóùåñòâåííî âëèÿåò êàê íà êîððåêòíîñòü ïîñòàíîâêè çàäà÷,

òàê è íà èõ ðàçðåøèìîñòü. Â ðàáîòå [22℄ óðàâíåíèå (1) íàçâàíî óðàâíåíèåì

ñ êðàòíûìè õàðàêòåðèñòèêàìè è ðàññìîòðåíû ðàçëè÷íûå êðàåâûå çàäà÷è

äëÿ ýòîãî óðàâíåíèÿ.

Íåëîêàëüíàÿ çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè D ðåøåíèå

u(x, t) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå íà÷àëüíîìó

u(x, 0) = ϕ(x), 0 ≤ x ≤ ℓ, (2)

ãðàíè÷íûì

u(0, t) = µ1(t), ux(0, t) = µ2(t), 0 ≤ t ≤ T, (3)

è èíòåãðàëüíûì óñëîâèÿì

u(ℓ, t) = α(t)

ℓ
∫

0

u(x, t)dx+ µ3(t), 0 ≤ t ≤ T, (4)

ãäå ϕ(x), α(t), µi(t), (i = 1, 3) � çàäàííûå, íåïðåðûâíûå íà [0, l] è [0, T ]
ñîîòâåòñòâåííî �óíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì ñîãëàñîâàíèÿ:

ϕ(0) = µ1(0); ϕ′(0) = µ2(0); ϕ(ℓ) = α(0)

ℓ
∫

0

ϕ(x)dx+ µ3(0).

Çàìåòèì, ÷òî èç ýòîé çàäà÷è ïðè α(t) = 0, ñëåäóåò çàäà÷à, èçó÷åííàÿ â
ðàáîòå [22℄ äëÿ óðàâíåíèÿ (1). Ïîýòîìó òðåáóåì, ÷òî α(t) 6= 0, ∀ t ∈ [0, T ].
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Â ïîñòàâëåííîé çàäà÷å â êðàåâûõ óñëîâèÿõ ñîäåðæèòñÿ íåëîêàëüíîñòü

ïî âðåìåíè, ðàññìîòðåííàÿ â ðàáîòå [18℄. Çàìåòèì, ÷òî â ðàáîòàõ À. È. Êî-

æàíîâà è åãî ó÷åíèêîâ èññëåäîâàíà ðàçðåøèìîñòü êðàåâûõ çàäà÷, ñî÷åòà-

þùèõ çàäà÷è ñ íåëîêàëüíûìè óñëîâèÿìè À. À. Ñàìàðñêîãî è çàäà÷è ñ

èíòåãðàëüíûìè óñëîâèÿìè.

×åðåç Ck,l(D) îáîçíà÷åí êëàññ �óíêöèé u(x, t), íåïðåðûâíûõ âìåñòå ñî

ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè ïîðÿäêà ∂m+nu(x, t)/∂xm∂tn äëÿ âñåõm =
0, k, n = 0, l; C0,0(D) îáîçíà÷èì ÷åðåç C(D).

Îïðåäåëåíèå 1. Ïîä ðåãóëÿðíûì â îáëàñòè D ðåøåíèåì íåëîêàëüíîé

çàäà÷è 1 áóäåì ïîíèìàòü �óíêöèþ u(x, t), èç êëàññà C3,1(D) ∩ C2,0(D),
óäîâëåòâîðÿþùóþ óñëîâèÿì (1)�(4) â îáû÷íîì ñìûñëå.

� 2. �àçðåøèìîñòü íåëîêàëüíîé çàäà÷è 1

Çàäà÷ó (1)�(4) èññëåäóåì â ïðîñòðàíñòâå C3,1(D)∩C2,0(D), ïðè ýòîì,
ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà î ðàçðåøèìîñòè èññëåäóåìîé íåëîêàëü-

íîé çàäà÷è 1:

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå c(x, t), f(x, t) ∈ C(D) è çàäàí-

íûå �óíêöèè ϕ(x), α(t), µi(t), (i = 1, 2, 3) óäîâëåòâîðÿþò óñëîâèÿì α(t) 6=
0, ∀t ∈ [0, T ], ϕ(x) ∈ C2[0, l];µ1(t), µ3(t) ∈ C1[0, T ];α(t), µ2(t) ∈ C[0, T ]. Òî-
ãäà ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå íåëîêàëüíîé çàäà÷è 1.

Ïîñòðîèì ÿâíîå ðåøåíèå íåëîêàëüíîé çàäà÷è 1 ñ ïîìîùüþ �óíêöèè

�ðèíà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Ââîäÿ îáîçíà÷åíèå

ux(x, t) = v(x, t), (x, t) ∈ D. (5)

óðàâíåíèå (1) çàïèøåì â âèäå

vt − vxx = f1(x, t), (6)

ãäå f1(x, t) = f(x, t)− c(x, t)u(x, t).
Òîãäà äëÿ îïðåäåëåíèÿ �óíêöèè v(x, t) â îáëàñòè D èìååì ñëåäóþùóþ

çàäà÷ó:

Çàäà÷à 1. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (6), óäîâëåòâîðÿþùåå

ñëåäóþùèì óñëîâèÿì

v(x, 0) = ϕ′(x), 0 ≤ x ≤ ℓ. (7)

v(0, t) = µ2(t), v(ℓ, t) = µ(t), 0 ≤ t ≤ T. (8)

ãäå µ(t) � ïîêà íåèçâåñòíàÿ �óíêöèÿ, êîòîðàÿ îïðåäåëÿåòñÿ èç óñëîâèÿ

(4).
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Çàìå÷àíèå 1. Çàäà÷ó 2 áóäåì ðåøàòü â ñëåäóþùèõ ïðåäïîëîæåíèÿõ:

ϕ′(x) íåïðåðûâíà è èíòåãðèðóåìà íà [0, l], µ2(t) íåïðåðûâíà íà [0, T ] è
ïðåäïîëîæèì, ÷òî �óíêöèÿ µ(t) íåïðåðûâíà è èíòåãðèðóåìà íà [0, T ] è
µ2(0) = ϕ′(0), µ(0) = ϕ′(ℓ).

Ôóíêöèÿ �ðèíà çàäà÷è 2 äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè çàäàåòñÿ

�îðìóëîé (ñì. íàïðèìåð [20℄)

G(x, t; ξ, τ) =
1

2
√

π(t− τ)

+∞
∑

−∞

{

exp

[

−(x− ξ − 2nℓ)2

4(t− τ)

]

−exp

[

−(x+ ξ − 2nℓ)2

4(t− τ)

]}

.

(9)

Äîêàçàòåëüñòâî àáñîëþòíîé è ðàâíîìåðíîé ñõîäèìîñòè ðÿäà (9) çà èñêëþ-

÷åíèåì ÷ëåíà ïðè n = 0 è ðÿäîâ, ïîëó÷åííûõ èç íåãî ïî÷ëåííûì äè��å-

ðåíöèðîâàíèåì ëþáîå ÷èñëî ðàç ïî x è t ïðèâåäåíî â ðàáîòå [21℄.
Òîãäà ðåøåíèå óðàâíåíèÿ (6), óäîâëåòâîðÿþùåå óñëîâèÿì (7) è (8), èìå-

åò âèä

v(x, t) =

ℓ
∫

0

ϕ′(ξ)G(x, t; ξ, 0)dξ +

t
∫

0

µ(τ)Gξ(x, t; ℓ, τ)dτ+

+

t
∫

0

ℓ
∫

0

G(x, t; ξ, τ)f1(ξ, τ)dξdτ+

+

t
∫

0

µ2(τ)Gξ(x, t; 0, τ)dτ −
t

∫

0

ℓ
∫

0

G(x, t; ξ, τ)c(ξ, τ)u(ξ, τ)dξdτ. (10)

Ó÷èòûâàÿ îáîçíà÷åíèå f1(x, t), èç ðàâåíñòâà (10) ïîëó÷èì

ux(x, t) = F0(x, t) +

t
∫

0

µ(τ)Gξ(x, t; ℓ, τ)dτ−

−
t

∫

0

ℓ
∫

0

G(x, t; ξ, τ)c(ξ, τ)u(ξ, τ)dξdτ, (11)

çäåñü

F0(x, t) =

ℓ
∫

0

ϕ′(ξ)G(x, t; ξ, 0)dξ+
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+

t
∫

0

µ2(τ)Gξ(x, t; 0, τ)dτ +

t
∫

0

ℓ
∫

0

G(x, t; ξ, τ)f(ξ, τ)dξdτ.

Èíòåãðèðóÿ �îðìóëó (11) ïî x èìååì

u(x, t) = F1(x, t)−
t

∫

0

µ(τ)

(

x
∫

0

Gξ(z, t; ℓ, τ)dz

)

dτ−

−
t

∫

0

ℓ
∫

0

(

x
∫

0

G(z, t; ξ, τ)dz

)

c(ξ, τ)u(ξ, τ)dξdτ, (12)

ãäå F1(x, t) = µ1(t) +
x
∫

0

F0(z, t)dz.

Ïîëàãàÿ x = ℓ â (12), ïîëó÷èì

u(ℓ, t) = F1(ℓ, t)−
t

∫

0

µ(τ)

(

ℓ
∫

0

Gξ(z, t; ℓ, τ)dz

)

dτ−

−
t

∫

0

ℓ
∫

0

(

ℓ
∫

0

G(z, t; ξ, τ)dz

)

c(ξ, τ)u(ξ, τ)dξdτ. (13)

Íà îñíîâàíèè âèäà �óíêöèè �ðèíà è ðàâåíñòâà

∂

∂ξ
G(x, t; ξ, τ) = − ∂

∂x
G(x, t; ξ, τ),

ñëåäóåò, ÷òî

ℓ
∫

0

Gξ(z, t; ℓ, τ)dz =
−1

2
√

π(t− τ)

+∞
∑

−∞

{

exp

[

− n2ℓ2

(t− τ)

]

+ exp

[

−(n− 1)2ℓ2

(t− τ)

]}

+

+
1

√

π(t− τ)

+∞
∑

−∞

{

exp

[

−(2n− 1)2ℓ2

4(t− τ)

]

+ exp

[

−(2n + 1)2ℓ2

4(t− τ)

]}

.

Òàêèì îáðàçîì,

ℓ
∫

0

Gξ(z, t; ℓ, τ)dz =
−1

√

π(t− τ)
− k0(t, τ),
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ãäå

k0(t, τ) =
2

√

π(t− τ)

+∞
∑

−∞

{

exp

[

− n2ℓ2

(t− τ)

]

− exp

[

−(2n− 1)2ℓ2

4(t− τ)

]}

.

Ïîäñòàâëÿÿ íàéäåííîå âûðàæåíèå â �îðìóëó (13), èìååì

u(ℓ, t) = F1(ℓ, t) +

t
∫

0

(

1
√

π(t− τ)
+ k0(t, τ)

)

µ(τ)dτ−

−
t

∫

0

ℓ
∫

0

(

ℓ
∫

0

G(z, t; ξ, τ)dz

)

c(ξ, τ)u(ξ, τ)dξdτ. (14)

Òåïåðü èíòåãðèðóÿ (12) ïî x â ïðåäåëàõ îò 0 äî ℓ, íàõîäèì

ℓ
∫

0

u(x, t)dx =

ℓ
∫

0

F1(x, t)dx−
t

∫

0

µ(τ)

(

ℓ

2
√

π(t− τ)
+

ℓ
∫

0

G(x, t; ℓ, τ)dx

)

dτ−

−
t

∫

0

ℓ
∫

0

(

ℓ
∫

0

[

x
∫

0

G(z, t; ξ, τ)dz

]

dx

)

c(ξ, τ)u(ξ, τ)dξdτ, (15)

Ïîäñòàâëÿÿ (13) è (14) â óñëîâèå (4), ïîëó÷èì

1√
π

t
∫

0

[

1√
t− τ

+ k1(t, τ)

]

µ(τ)dτ = F3(t), (16)

çäåñü

k1(t, τ) = k0(t, τ) +
α(t)ℓ√
t− τ

+ α(t)

ℓ
∫

0

G(x, t; ℓ, τ)dx;

F3(t) = F2(t)−
1√
π

t
∫

0

k1(t, τ)µ(τ)dτ +

t
∫

0

ℓ
∫

0

K(t; ξ, τ)u(ξ, τ)dξdτ ;

K1(t; ξ, τ) = c(ξ, τ)

ℓ
∫

0

G(x, t; ξ, τ)dx+ α(t)c(ξ, τ)

ℓ
∫

0

dx

x
∫

0

G(z, t; ξ, τ)dz;
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F2(t) = α(t)

ℓ
∫

0

F1(x, t)dx− F1(ℓ, t) + µ3(t).

Èç óñëîâèÿ ñîãëàñîâàíèÿ çàäà÷è 1 èìååì, ÷òî F2(0) = 0. Ïîýòîìó ïðàâàÿ

÷àñòü F3(t) óðàâíåíèÿ (15) ïðè t = 0 îáðàùàåòñÿ â íóëü, ò.å. F3(0) = 0.
Âû÷èñëèì ïðîèçâîäíóþ

F ′

3(t) = F ′

2(t)−
1√
π

t
∫

0

∂k1(t, τ)

∂t
µ(τ)dτ − k1(t, t)µ(t)+

+

t
∫

0

dτ

ℓ
∫

0

∂K1(t; ξ, τ)

∂t
u(ξ, τ)dξ +

ℓ
∫

0

K1(t; ξ, t)u(ξ, t)dξ

Â ñèëó ñâîéñòâ �óíêöèè �ðèíà [24℄, ëåãêî óáåäèòüñÿ â òîì, ÷òî �óíê-

öèÿ k1(t, τ) è åå ïåðâûå ïðîèçâîäíûå ÿâëÿþòñÿ íåïðåðûâíûìè. Ïðàâàÿ

÷àñòü F3(t) � íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ è F ′

3(t) óäîâëåòâî-
ðÿåò óñëîâèþ �åëüäåðà.

Ñîãëàñíî óñëîâèþ òåîðåìû 3.3 è óñëîâèþ (3.41) (ñì. íàïðèìåð [23℄),

îáðàòèâ ãëàâíóþ ÷àñòü óðàâíåíèÿ (16), ïîëó÷èì

µ(t) +
1√
π

t
∫

0

k2(t, τ)µ(τ)dτ = F4(t) +
1√
π

t
∫

0

dτ

ℓ
∫

0

K2(t; ξ, τ)u(ξ, τ)dξ, (17)

ãäå

F4(t) =
1√
π

t
∫

0

F ′

2(τ)dτ√
t− τ

; k2(t, τ) =
k1(τ, τ)√
t− τ

+

t
∫

τ

k′

1(s, τ)√
τ − s

ds;

K2(t; ξ, τ) =
K1(τ ; ξ, τ)√

t− τ
+

t
∫

τ

K ′

1(τ, τ)√
τ − s

ds;

Â ñèëó ñâîéñòâà �óíêöèè �ðèíà è îöåíêè (2.11) íà ñòð. 58 ðàáîòû [22℄,

ëåãêî çàìåòèì, ÷òî

|k2(t, τ)| ≤
c1√
t− τ

, |K2(t; ξ, τ) ≤
c2√
t− τ

exp

{

− ξ2

4(t− τ)

}

.

Çäåñü è íèæå ÷åðåç ci, i = 1, 2, 3, . . . , áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå

ïîñòîÿííûå.

Óðàâíåíèå (17) ïðåäñòàâëÿåò ñîáîé èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà

âòîðîãî ðîäà ñî ñëàáîé îñîáåííîñòüþ è ñ íåïðåðûâíîé ïðàâîé ÷àñòüþ.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 1, C. 42-66

Mat. Trudy, 2026, V. 29, N. 1, P. 42-66



50 Ñìåøàííûå êðàåâûå çàäà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè

Ïóñòü R(t, τ) ðåçîëüâåíòà ÿäðàK2(t; ξ, τ), òîãäà ðåøåíèå èíòåãðàëüíîãî
óðàâíåíèå (16) çàïèøåì â âèäå

µ(t) = F5(t) +

t
∫

0

dτ

ℓ
∫

0

K3(t; ξ, τ)u(ξ, τ)dξ, (18)

çäåñü

F5(t) = F4(t) +
1√
π

t
∫

0

R(t, τ)F4(τ)dτ ;

K3(t; ξ, τ) = K2(t; ξ, τ) +

t
∫

τ

R(t, s)K2(s; ξ, τ)ds.

Ïîäñòàâëÿÿ íàéäåííîå çíà÷åíèå µ(t) èç (18) â �îðìóëó (12), ïîëó÷èì

èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà îòíîñèòåëüíî �óíêöèè

u(x, t) :

u(x, t) = F6(x, t) +

t
∫

0

dτ

ℓ
∫

0

K4(x, t; ξ, τ)u(ξ, τ)dξ, (19)

ãäå

F6(x, t) = F1(x, t)−
t

∫

0

(

x
∫

0

Gξ(z, t; ℓ, τ)dz

)

F5(τ)dτ ;

K4(x, t; ξ, τ) = c(ξ, τ)

x
∫

0

Gξ(z, t; ℓ, τ)dz −
t

∫

τ

(

x
∫

0

Gξ(z, t; ℓ, τ)dz

)

K3(τ ; ξ, s)ds.

Â ñèëó ñâîéñòâ �óíêöèé K4(x, t; ξ, τ) è F6(x, t) çàêëþ÷àåì, ÷òî óðàâíå-
íèå (19) ïðåäñòàâëÿåò ñîáîé èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî

ðîäà, äîïóñêàåò åäèíñòâåííîå ðåøåíèå â êëàññå íåïðåðûâíî-äè��åðåí-

öèðóåìûõ �óíêöèé.

Òàêèì îáðàçîì, ðàçðåøèìîñòü íåëîêàëüíîé çàäà÷è 1 äîêàçàíà.

� 3. Ïîñòàíîâêà è ðàçðåøèìîñòü íåëîêàëüíîé çàäà÷è 2

Ïóñòü D îçíà÷àåò îáëàñòü, îïèñàííóþ â ðàçäåëå 1.

Íåëîêàëüíàÿ çàäà÷à 2. Íàéòè â îáëàñòè D ðåøåíèå u(x, t) óðàâíåíèÿ
(1), óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ (2), ñëåäóþùèì ãðàíè÷íûì

u(0, t) = µ1(t), ux(0, t) = ux(ℓ, t) + µ2(t), 0 ≤ t ≤ T, (20)
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è èíòåãðàëüíûì óñëîâèÿì

ℓ
∫

0

u(x, t)dx =

t
∫

0

h(t, τ)u(ℓ, τ)dτ + µ3(t), 0 ≤ t ≤ T, (21)

ãäå ϕ(x), µi(t), (i = 1, 3) è h(t, τ) � çàäàííûå ïðè x ∈ [0, ℓ], t ∈ [0, T ] è τ ∈
[0, t], íåïðåðûâíûå �óíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì ñîãëàñîâàíèÿ:

ϕ(0) = µ1(0); ϕ′(0) = ϕ′(ℓ) + µ2(0);

ℓ
∫

0

ϕ(x)dx = µ3(0). (∗)

Èíòåãðèðóÿ óðàâíåíèå (1) â ïðåäåëàõ îò 0 äî x ïîëó÷èì íàãðóæåííîå

óðàâíåíèå òåïëîïðîâîäíîñòè âèäà

ut − uxx = −uxx(0, t)−
x

∫

0

c(z, t)u(z, t)dz + f1(x, t), (22)

ãäå

f1(x, t) = µ1(t) +

x
∫

0

f(z, t)dz.

Äëÿ óðàâíåíèÿ (22) ïîëó÷èì ñëåäóþùóþ çàäà÷ó:

Çàäà÷à 2. Íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (22) óäîâëåòâîðÿþùåå

óñëîâèÿì (2), (21) è óñëîâèþ Ñàìàðñêîãî-Èîíêèíà

ux(0, t) = ux(ℓ, t) + µ2(t), 0 ≤ t ≤ T, (23)

Äëÿ ðåøåíèÿ ïîñëåäíåé çàäà÷è ïîñòóïèì ñëåäóþùèì îáðàçîì.

Îáîçíà÷èì

ux(0, t) = ν1(t), u(ℓ, t) = ν2(t), 0 ≤ t ≤ T, (24)

çäåñü ν1(t) è ν2(t) � ïîêà íåèçâåñòíûå �óíêöèè.
Èçâåñòíî [19℄, ÷òî �óíêöèÿ �ðèíà ñìåøàííîé çàäà÷è (2), (24) äëÿ óðàâ-

íåíèÿ òåïëîïðîâîäíîñòè çàäàåòñÿ �îðìóëîé

G(x, t : ξ, τ) =

+∞
∑

−∞

(−1)n
[

U(x− ξ + 2nℓ, t− τ) + U(x+ ξ + 2nℓ, t− τ

]

,

çäåñü U(x, t) � �óíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè.
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Èç ñâîéñòâ �óíêöèè �ðèíà çàêëþ÷àåì, ÷òî ðåøåíèå u(x, t) óðàâíåíèÿ
(22), óäîâëåòâîðÿþùåå óñëîâèÿì (2) è (24), èìååò âèä

u(x, t) =

ℓ
∫

0

ϕ(ξ)G(x, t; ξ, 0)dξ +

t
∫

0

ℓ
∫

0

G(x, t; ξ, τ)f(ξ, τ)dξdτ−

−
t

∫

0

ν1(τ)G(x, t; 0, τ)dτ +

t
∫

0

ν2(τ)Gξ(x, t; ℓ, τ)dτ− (25)

−
t

∫

0

ℓ
∫

0

G(x, t; ξ, τ)

[

uxx(0, τ)−
ξ

∫

0

c(z, τ)u(z, τ)dz

]

dξdτ.

Ââåäåì îáîçíà÷åíèÿ

M0(x, t; τ) = −
ℓ

∫

0

G(x, t; ξ, τ)dξ; M1(x, t; ξ, τ) = −c(ξ, τ)

ℓ
∫

ξ

G(x, t; z, τ)dz;

g0(x, t) =

ℓ
∫

0

ϕ(ξ)G(x, t; ξ, 0)dξ −
t

∫

0

ℓ
∫

0

G(x, t; ξ, τ)f(ξ, τ)dξdτ.

Òîãäà ðàâåíñòâî (25) ïðåäñòàâèì â âèäå

u(x, t) =

t
∫

0

M0(x, t; τ)uxx(0, τ)dτ −
t

∫

0

ν1(τ)G(x, t; 0, τ)dτ+

+

t
∫

0

ν2(τ)Gξ(x, t; ℓ, τ)dτ +

t
∫

0

ℓ
∫

0

M1(x, t; ξ, τ)u(ξ, τ)dξdτ + g0(x, t), (26)

Ôîðìóëó (26) áóäåì ðàññìàòðèâàòü êàê èíòåãðàëüíîå óðàâíåíèå Âîëü-

òåððà îòíîñèòåëüíî �óíêöèè u(x, t), ðåøåíèå êîòîðîãî ìîæíî âûïèñàòü

÷åðåç ðåçîëüâåíòó R(x, t; ξ, τ) ÿäðà M1(x, t; ξ, τ) â âèäå

u(x, t) =

t
∫

0

[

M0(x, t; τ) +

ℓ
∫

0

dξ

(

t
∫

τ

R(x, t; ξ, s)M0(ξ, τ ; s)ds

)]

uxx(0, τ)dτ−

−
t

∫

0

[

G(x, t; 0, τ) +

ℓ
∫

0

dξ

(

t
∫

τ

R(x, t; ξ, s)G(ξ, τ ; 0, s)ds

)]

ν1(τ)dτ+ (27)
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+

t
∫

0

[

Gξ(x, t; ℓ, τ) +

ℓ
∫

0

dξ

(

t
∫

τ

R(x, t; ξ, s)Gξ(ξ, τ ; ℓ, s)ds

)]

ν2(τ)dτ + g1(x, t),

çäåñü

g1(x, t) = g0(x, t) +

t
∫

0

dτ

ℓ
∫

0

R(x, t; ξ, τ)g0(ξ, τ)dξ

� èçâåñòíàÿ �óíêöèÿ.

Â ðàâåíñòâî (27) âõîäÿò íåèçâåñòíûå �óíêöèè uxx(0, t), ν1(t) è ν2(t).
Ïåðåõîäèì ê èõ íàõîæäåíèþ. Ñíà÷àëà íàõîäèì íàãðóæåííîå ñëàãàåìîå

uxx(0, t), äëÿ ýòîé öåëè ðàâåíñòâî (27) ïåðåïèøåì â âèäå

u(x, t) =

t
∫

0

K(x, t; τ)uxx(0, τ)dτ + Φ(x, t), (28)

ãäå

K(x, t; τ) = M0(x, t; τ) +

ℓ
∫

0

dξ

t
∫

τ

R(x, t; ξ, s)M0(ξ, τ ; s)ds; (29)

Φ(x, t) = −
t

∫

0

[

G(x, t; 0, τ) +

ℓ
∫

0

dξ

(

t
∫

τ

R(x, t; ξ, s)G(ξ, τ ; 0, s)ds

)]

ν1(τ)dτ+

+

t
∫

0

[

Gξ(x, t; ℓ, τ) +

ℓ
∫

0

dξ

(

t
∫

τ

R(x, t; ξ, s)Gξ(ξ, τ ; ℓ, s)ds

)]

ν2(τ)dτ + g1(x, t).

(30)

Â äàëüíåéøåì, íåîáõîäèìî çíàòü äè��åðåíöèàëüíûå ñâîéñòâà ÿäðà

K(x, t, τ) è ñâîáîäíîãî ÷ëåíà Φ(x, t) â îêðåñòíîñòè òî÷êè x = 0.
1. Äè��åðåíöèàëüíûå ñâîéñòâà ÿäðà K(x, t; τ).

Íî íåïîñðåäñòâåííî äè��åðåíöèðîâàòü äâà ðàçà ïî x ðàâåíñòâî (29)

íåëüçÿ, òàê êàêKxx(x, t, τ) èìååò ñóùåñòâåííóþ îñîáåííîñòü ïðè x = 0. Ïî-
ýòîìó âûäåëÿåì ãëàâíóþ ÷àñòü ÿäðà K(x, t, τ). Ôóíêöèè �ðèíà G(x, t; ξ, τ)
ïðåäñòàâèì â âèäå

G(x, t; ξ, τ) = G0(x, t; ξ, τ) + [G(x, t; ξ, τ)−G0(x, t; ξ, τ)] =

= G0(x, t; ξ, τ)− 2G1(x, t; ξ, τ),
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ãäå G0(x, t; ξ, τ) ÿâëÿåòñÿ �óíêöèåé �ðèíà âòîðîé êðàåâîé çàäà÷è äëÿ

óðàâíåíèÿ òåïëîïðîâîäíîñòè íà îòðåçêå [0, ℓ], êîòîðàÿ îïðåäåëÿåòñÿ ðà-

âåíñòâîì

G0(x, t : ξ, τ) =
+∞
∑

−∞

[

U(x− ξ + 2nℓ, t− τ) + U(x+ ξ + 2nℓ, t− τ)

]

.

Îòñþäà ñëåäóåò, ÷òî

ℓ
∫

0

G0(x, t; ξ, τ)dξ = 1, (31)

â ÷åì ëåãêî óáåäèòüñÿ [24℄, âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåì �óíêöèè

�ðèíà âòîðîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Ôóíêöèÿ G1(x, t : ξ, τ) èìååò âèä

G1(x, t : ξ, τ) = −2

+∞
∑

−∞

[

U(x− ξ+2(2k+1)ℓ, t− τ)+U(x+ ξ+2(2k)ℓ, t− τ)

]

,

Òàêèì îáðàçîì, ó÷èòûâàÿ ðàâåíñòâî (31) ÿäðî K(x, t, τ) ìîæíî ïðåä-

ñòàâèòü â âèäå

K(x, t; τ) = 1− 2

ℓ
∫

0

G1(x, t; ξ, τ)dξ +

ℓ
∫

0

dξ

t
∫

τ

R(x, t; ξ, s)M0(ξ, τ ; s)ds. (32)

Äâîéíîé èíòåãðàë â ïðàâîé ÷àñòè (32) è åå ïðîèçâîäíûå ÿâëÿþòñÿ

íåïðåðûâíûìè è îãðàíè÷åííûìè �óíêöèÿìè è ïðè ïîìîùè íåðàâåíñòâà [6℄

zn exp{−z2} ≤ An ≤ ∞, n ∈ [0,∞), n = 1, 2, 3, ...,

ëåãêî óñòàíîâèòü îöåíêó

∣

∣

∣

∣

ℓ
∫

0

dξ

t
∫

τ

R(x, t; ξ, s)M0(ξ, τ ; s)ds

∣

∣

∣

∣

≤
ℓ

∫

0

dξ

t
∫

τ

|R(x, t; ξ, s)||M0(ξ, τ ; s)|ds ≤ c3ℓπ,

Îòíîñèòåëüíî ÿäðà K(x, t, τ), èìååò ìåñòî óòâåðæäåíèå:

Ëåììà 1. Ïðè t > τ, ÿäðî K(x, t, τ) ∈ C2
x(D) è ïðè x = 0 èìååò ìåñòî

íåðàâåíñòâî

∣

∣

∣

∣

∂2K(x, t, τ)

∂x2

∣

∣

∣

∣

x=0

∣

∣

∣

∣

≤ M.
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Äîêàçàòåëüñòâî. Äè��åðåíöèðóÿ ðàâåíñòâî (32) ïîä çíàêîì èíòåãðà-

ëà, èìååì

∂K

∂x
= −2

ℓ
∫

0

∂G1(x, t; ξ, τ)

∂x
dξ = 2

ℓ
∫

0

∂G1(x, t; ξ, τ)

∂ξ
dξ =

= 2G1(x, t; ℓ, τ)− 2G1(x, t; 0, τ) =

= 2
+∞
∑

−∞

[−U(x + (4n+ 1)ℓ, t− τ) + U(x+ (4n+ 3)ℓ, t− τ)].

Îòñþäà, åùå ðàç äè��åðåíöèðóÿ ïî x, íàõîäèì ∂2K
∂x2 =

=

+∞
∑

−∞

[

x+ (4n+ 1)ℓ

2(t− τ)
U(x+(4n+1)ℓ, t−τ)−x + (4n+ 3)ℓ

2(t− τ)
U(x+(4n+3)ℓ, t−τ)

]

.

Â ïîñëåäíåì ðàâåíñòâå, ïîëàãàÿ x = 0, ïîëó÷èì

∂2K

∂x2

∣

∣

∣

∣

x=0

=

+∞
∑

−∞

[

(4n+ 1)ℓ

2(t− τ)
U((4n+1)ℓ, t− τ)− (4n+ 3)ℓ

2(t− τ)
U((4n+3)ℓ, t− τ)

]

=

=
1

2
√

π(t− τ)

+∞
∑

−∞

(−1)n+1 (2n+ 1)ℓ

2(t− τ)
exp

{

− [(2n+ 1)ℓ]2

4(t− τ)

}

. (33)

Îáùèé ÷ëåí ðÿäà (33) ïðåäñòàâèì â âèäå

(2n+ 1)ℓ

4
√

π(t− τ)3
exp

{

− [(2n+ 1)ℓ]2

4(t− τ)

}

=

=
[(2n+ 1)ℓ]3

4
√
π(
√
t− τ)3

exp

{

− [(2n + 1)ℓ]2

8(t− τ)

}

· 1

[(2n+ 1)ℓ]2
exp

{

− [(2n + 1)ℓ]2

8(t− τ)

}

Èñïîëüçóÿ, èçâåñòíîå íåðàâåíñòâî [6℄, [22℄

0 <

{

(2n+ 1)ℓ

2
√
t− τ

}3

exp

{

−1

2

[

(2n + 1)ℓ

2
√
t− τ

]2}

≤ c4,

ïîëó÷èì îöåíêó äëÿ îáùåãî ÷ëåíà ðÿäà (33)

∣

∣

∣

∣

(2n+ 1)ℓ

2(t− τ)
U((2n + 1)ℓ, t− τ)

∣

∣

∣

∣

<
2c4√

π[(2n+ 1)ℓ]2
exp

{

− [(2n+ 1)ℓ]2

8(t− τ)

}

.
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Òàê êàê (2n + 1)ℓ 6= 0 ïðè ∀n ∈ N, òî íåòðóäíî óáåäèòñÿ, ÷òî çíàêî÷å-
ðåäóþùèéñÿ ðÿä â ïðàâîé ÷àñòè (33) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî, ò.

å.

∣

∣

∣

∣

∂2K(x, t, τ)

∂x2

∣

∣

∣

∣

x=0

≤ M.

Ëåììà 1 äîêàçàíà.

2. Òåïåðü èññëåäóåì ñâîáîäíûé ÷ëåí ðàâåíñòâà (28).

Ôóíêöèÿ Φ(x, t) îïðåäåëåííàÿ ðàâåíñòâîì (30) ñîñòîèò èç ñóììû òåïëî-

âûõ ïîòåíöèàëîâ (ñì. íàïðèìåð [19℄, [21℄). Äëÿ íàõîæäåíèÿ íàãðóæåííîãî

ñëàãàåìîãî uxx(0, t) èç èíòåãðàëüíîãî óðàâíåíèÿ (28) äîñòàòî÷íî ïîêàçàòü
ñóùåñòâîâàíèå îãðàíè÷åííîãî è íåïðåðûâíîãî ïðîèçâîäíîãî îò Φxx(x, t).

Èç òåîðèè òåïëîâûõ ïîòåíöèàëîâ [21℄ ìîæíî ñ�îðìóëèðîâàòü ñëåäóþ-

ùèå ñâîéñòâà:

1) Åñëè ϕ(x) ∈ C[0, ℓ] è f(x, t) ∈ Cα,0
x,t (D), òî ïðè t > 0 �óíêöèÿ g0(x, t) ∈

C2,1
x,t (D) è îãðàíè÷åíà.

2) Åñëè ν2(t) ∈ C(0,∞), òî ïðè x 6= ℓ âòîðîé èíòåãðàë â ïðàâîé ÷àñòè (30)

ïðèíàäëåæèò êëàññó C2,1
x,t (D) è îãðàíè÷åíà.

Ïîòåíöèàë ïðîñòîãî ñëîÿ g2(x, t) îïðåäåëåí íà ãðàíèöå x = 0, ïîýòîìó
íàäî äîêàçàòü äè��åðåíöèðóåìîñòü è îãðàíè÷åííîñòü

g2(x, t) = −
t

∫

0

[

G(x, t; 0, τ) +

ℓ
∫

0

dξ

(

t
∫

τ

R(x, t; ξ, s)G(ξ, τ ; 0, s)ds

)]

ν1(τ)dτ.

Îòíîñèòåëüíî ïîòåíöèàëà ïðîñòîãî ñëîÿ g2(x, t) äîêàæåì ñëåäóþùåå

óòâåðæäåíèå.

Ëåììà 2. Ïóñòü �óíêöèÿ ν1(t) ∈ C(0,+∞) è ν1(0) = 0, òîãäà �óíêöèÿ
g2(x, t) ∈ C2

x(D) è èìååò ìåñòî
∣

∣

∣

∣

∂2g2(x, t)

∂x2

∣

∣

∣

∣

x=0

∣

∣

∣

∣

≤ M.

Äîêàçàòåëüñòâî. Äëÿ êðàòêîñòè äîêàçàòåëüñòâà, ðàññìîòðèì ñèíãó-

ëÿðíîå ñëàãàåìîå �óíêöèè g2(x, t)

g2(x, t) =

t
∫

0

ν1(τ)G(x, t; ℓ, τ)dτ

Ïðè x 6= 0 è t 6= τ, ÿäðî G(x, t; 0, τ) ∈ C2,1
x,t (D). Äè��åðåíöèðóÿ äâà

ðàçà ïî x ïîä çíàêîì èíòåãðàëà èìååì

∂2g2(x, t)

∂x2
=

t
∫

0

ν1(τ)
∂2G(x, t; 0, τ)

∂x2
dτ = −

t
∫

0

ν1(τ)
∂G(x, t; 0, τ)

∂τ
dτ.
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Îòñþäà, èíòåãðèðóÿ ïî ÷àñòÿì è ó÷èòûâàÿ ñâîéñòâà �óíöèè �ðèíà è

µ(0) = 0, ïîëó÷èì

∂2g2(x, t)

∂x2
=

t
∫

0

ν ′

1(τ)G(x, t; 0, τ)dτ. (34)

Â ðàâåíñòâå (34) ïðàâàÿ ÷àñòü ÿâëÿåòñÿ ïîòåíöèàëîì ïðîñòîãî ñëîÿ ñ

ÿäðîì �óíêöèè �ðèíà G(x, t; 0, τ). Ïðè x = 0, ïðàâàÿ ÷àñòü (34) íåïðå-

ðûâíàÿ è îãðàíè÷åííàÿ �óíêöèÿ ïðè 0 < t < T :

∂2g2(0, t)

∂x2
=

t
∫

0

ν ′

1(τ)G(0, t; 0, τ)dτ.

ãäå

G(0, t; 0, τ) =
1

2
√

π(t− τ)

+∞
∑

−∞

(−1)n exp

{

− [(2n + 1)ℓ]2

4(t− τ)

}

.

Ëåììà 2 äîêàçàíà.

Èç äîêàçàííûõ ëåìì ñëåäóåò, ÷òî ðàâåíñòâî (28), ìîæíî äè��åðåíöè-

ðîâàòü ïî x äâà ðàçà. Ïîýòîìó èç ðàâåíñòâà (28) äè��åðåíöèðóÿ ïî x,
çàòåì ïîëàãàÿ x = 0, îòíîñèòåëüíî uxx(0, t) ïîëó÷èì èíòåãðàëüíîå óðàâíå-

íèå Âîëüòåððà âòîðîãî ðîäà

uxx(0, t) =

t
∫

0

Kxx(0, t, τ)uxx(0, τ)dτ + Φxx(0, t). (35)

Ëåãêî çàìåòèòü, ÷òî ÿäðî è ïðàâàÿ ÷àñòü èíòåãðàëüíîãî óðàâíåíèÿ (35)

ÿâëÿþòñÿ íåïðåðûâíûìè è îãðàíè÷åííûìè �óíêöèÿìè. �åøåíèå uxx(0, t)
èíòåãðàëüíîãî óðàâíåíèÿ (35) ìîæíî íàéòè ìåòîäîì ïîñëåäîâàòåëüíûõ

ïðèáëèæåíèé.

Ïóñòü R0(t, τ) � ðåçîëüâåíòíîå ÿäðî, ñîîòâåòñòâóþùåå ÿäðó Kxx(0, t, τ),
òîãäà ðåøåíèå óðàâíåíèÿ (35) ïðåäñòàâèìî â âèäå

uxx(0, t) =

t
∫

0

N1(t, τ)ν1(τ)dτ +

t
∫

0

N2(t; τ)ν2(τ)dτ + Φ1(t), (36)

ãäå

N1(t, τ) = G1xx(0, t; 0, τ) +

t
∫

τ

R0(t, s)

[

G1xx(0, τ ; 0, s) + k0xx(0, s, τ)

]

ds;
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N2(t, τ) = G1ξxx(0, t; ℓ, τ) +

t
∫

τ

R0(t, s)

[

G1ξxx(0, τ ; ℓ, s) + k1xx(0, s, τ)

]

ds;

Φ1(t) = Φxx(0, t) +

t
∫

0

R0(t, τ)Φxx(0, τ)dτ

çäåñü

k0(x, t, τ) =

ℓ
∫

0

dξ

t
∫

τ

R(x, t; ξ, s)G(ξ, τ ; 0, s)ds;

k1(x, t, τ) =

ℓ
∫

0

dξ

t
∫

τ

R(x, t; ξ, s)Gξ(ξ, τ ; ℓ, s)ds.

Ïîäñòàâëÿÿ çíà÷åíèå uxx(0, t) èç (36) â �îðìóëó (27), ïîëó÷èì

u(x, t) =

t
∫

0

[

G(x, t; 0, τ) + k2(x, t, τ)

]

ν1(τ)dτ+

+

t
∫

0

[

Gξ(x, t; ℓ, τ) + k3(x, t, τ)

]

ν2(τ)dτ + Φ2(x, t), (37)

çäåñü Φ2(x, t) � èçâåñòíàÿ �óíêöèÿ.

k2(x, t, τ) = k0(x, t, τ) +

t
∫

τ

K(x, t, s)N1(s, τ)ds;

k3(x, t, τ) = k1(x, t, τ) +

t
∫

τ

K(x, t, s)N2(s, τ)ds.

Òåïåðü îïðåäåëèì íåèçâåñòíûå �óíêöèè ν1(t) è ν2(t) óäîâëåòâîðÿÿ óñ-

ëîâèÿì (21) è (23).

Èíòåãðèðóÿ (37) ïî x â ïðåäåëàõ îò 0 äî ℓ áóäåì èìåòü

ℓ
∫

0

u(x, t)dx =

t
∫

0

{

ℓ
∫

0

[

G(x, t; 0, τ) + k2(x, t, τ)

]

dx

}

ν1(τ)dτ−
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−
t

∫

0

{

ℓ
∫

0

[

Gξ(x, t; ℓ, τ) + k3(x, t, τ)

]

dx

}

ν2(τ)dτ +

ℓ
∫

0

Φ2(x, t)dx, (38)

Â �îðìóëå (37) ïîëîæèì x = l è óìíîæèì îáå ÷àñòè íà h(t, τ), ïîëó-
÷åííîå ïðè ýòîì âûðàæåíèå ïðîèíòåãðèðóåì ïî τ â ïðåäåëàõ îò 0 äî t,
èìååì

t
∫

0

h(t, τ)u(ℓ, τ)dτ =

t
∫

0

{

t
∫

τ

h(t, s)

[

G(ℓ, s; 0, τ) + k2(ℓ, τ, s)

]

ds

}

ν1(τ)dτ−

−
t

∫

0

h(t, τ)

{

t
∫

τ

[

Gξ(ℓ, s; ℓ, τ) + k3(ℓ, τ, s)

]

ds

}

ν2(τ)dτ +

t
∫

0

h(t, τ)Φ2(ℓ, t)dx,

(39)

Çàìåòèì, ÷òî

ℓ
∫

0

dx

t
∫

0

ν2(τ)Gξ(x, t; ℓ, τ)dτ = − 1

2
√
π

t
∫

0

ν2(τ)dτ√
t− τ

+

t
∫

0

G(0, t; ℓ, τ)ν2(τ)dτ.

Òîãäà �îðìóëà (38) ïðèìåò âèä

ℓ
∫

0

u(x, t)dx =

t
∫

0

{

ℓ
∫

0

[

G(x, t; 0, τ) + k2(x, t, τ)

]

dx

}

ν1(τ)dτ−

−− 1

2
√
π

t
∫

0

ν2(τ)dτ√
t− τ

+

t
∫

0

{

G(0, t; ℓ, τ)+

ℓ
∫

0

k3(x, t, τ)dx

}

ν2(τ)dτ+

ℓ
∫

0

Φ2(x, t)dx,

(40)

Ñîãëàñíî óñëîâèþ (21), èç ðàâåíñòâ (39) è (40), ïîëó÷èì ñëåäóþùåå

ñîîòíîøåíèå

t
∫

0

N3(t, τ)ν1(τ)dτ − 1

2
√
π

t
∫

0

ν2(τ)dτ√
t− τ

+

t
∫

0

N4(t, τ)ν2(τ)dτ = Φ3(t); (41)

çäåñü

N3(t, τ) =

ℓ
∫

0

[G(x, t; 0, τ)+k2(x, t, τ)]dx+

t
∫

τ

h(t, τ)[G(ℓ, t; 0, τ)+k2(ℓ, τ, s)]ds;
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N4(t, τ) = G(0, t; ℓ, τ) +

ℓ
∫

0

k3(x, t, τ)dx−
t

∫

τ

h(t, s)[Gξ(ℓ, s; ℓ, τ) + k3(l, τ, s)]ds;

Φ3(t) = µ3(t)−
ℓ

∫

0

Φ2(x, t)dx+

t
∫

o

h(t, τ)Φ2(ℓ, τ)dτ.

Óäîâëåòâîðÿÿ (37) êðàåâîìó óñëîâèþ (23), ïîëó÷èì ñëåäóþùåå óðàâ-

íåíèå

ν1(t) =

t
∫

0

N5(t, τ)ν1(τ)dτ −
t

∫

0

N6(t, τ)ν2(τ)dτ + Φ4(t), (42)

ãäå Φ4(t) = µ3(t) + Φ2x(ℓ, t) + Φ2x(0, t) � èçâåñòíàÿ �óíêöèÿ;

N5(t, τ) =
1√
π

[

1

(t− τ)3/2
+

1

(t− τ)5/2

]

exp

{

− ℓ2

4(t− τ)

}

+

+k2x(0, t, τ) + k2x(ℓ, t, τ);

N6(t, τ) =
1√
π

1

(t− τ)5/2
exp

{

− ℓ2

4(t− τ)

}

+ k3x(0, t, τ) + k3x(ℓ, t, τ).

Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ �óíêöèè ν1(t) è ν2(t) ïîëó÷èì ñèñòå-

ìó èíòåãðàëüíûõ óðàâíåíèé (41) è (42) îòíîñèòåëüíî íåèçâåñòíûõ �óíê-

öèé ν1(t) è ν2(t).
Â ñèëó îöåíîê �óíêöèè �ðèíà [22℄

∣

∣

∣

∣

∂i+jG(x, t; ξ, τ)

∂xitj

∣

∣

∣

∣

<
c5

(t− τ)(i+2j+1)/2
exp

{

−c6
(x− ξ + 2nℓ)2

4(t− τ)

}

, (43)

ïîëó÷èì, ÷òî

|N3(t, τ)| ≤
c7

√

(t− τ)3
exp

{

− c8
4(t− τ)

}

;

|N4(t, τ)| ≤
c9√
t− τ

exp

{

− c10
4(t− τ)

}

;

|N5(t, τ)| ≤
c11√
t− τ

; |N6(t, τ)| ≤
c12√
t− τ

.

Íåòðóäíî âèäåòü, ÷òî ïðàâûå ÷àñòè èíòåãðàëüíûõ óðàâíåíèé (41)-(42)

Φ3(t),Φ4(t) ∈ C[0, T ], à ÿäðà èìåþò èíòåãðèðóåìûå îñîáåííîñòè ïðè τ → t.
Òîãäà èç îáùåé òåîðèè (ñì. íàïðèìåð [26℄) ñëåäóåò, ÷òî ñèñòåìà óðàâíåíèé

(41)-(42) äîïóñêàåò åäèíñòâåííîå ðåøåíèå, ν1(t) è ν2(t) â êëàññå íåïðåðûâ-
íûõ �óíêöèé.
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Òåîðåìà 2. Åñëè çàäàííûå �óíêöèè c(x, t), f(x, t), ϕ(x), µi(t), (i = 1, 3),
h(t, τ) óäîâëåòâîðÿþò óñëîâèÿì c(x, t), f(x, t) ∈ C(D) è ϕ(x) ∈ C2[0, ℓ];
µ1(t), µ3(t) ∈ C1[0, T ]; µ2(t) ∈ C[0, T ]; h(t, τ) ∈ C[0, T ], òî íåëîêàëüíàÿ

çàäà÷à 2 èìååò ðåãóëÿðíîå ðåøåíèå â âèäå (26), ãäå íàãðóæåííîå ñëàãàåìîå

uxx(0, t) îïðåäåëÿåòñÿ êàê ðåøåíèå èíòåãðàëüíîãî óðàâíåíèå (35).

Òàêèì îáðàçîì, ðàçðåøèìîñòü íåëîêàëüíîé çàäà÷è 2 äîêàçàíà.
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